We study cold dilute neutron matter on the lattice using an effective field theory. We work in the unitary limit in which the scattering length is much larger than the interparticle spacing. In this paper we focus on the equation of state at temperatures above the Fermi temperature and compare lattice simulations to the virial expansion on the lattice and in the continuum. We find that in the unitary limit lattice discretization errors in the second virial coefficient are significantly enhanced. As a consequence the equation of state does not show the universal scaling behavior expected in the unitary limit. We suggest that scaling can be improved by tuning the second virial coefficient rather than the scattering length.
I. INTRODUCTION
Cold dilute neutron matter is an intriguing physical system. It is relevant to the physics of the inner crust of neutron stars [1] . It is also close to an interesting universal limit which is the result of a large separation of scales. The neutron scattering length is a nn ≃ −18 fm, which implies that the dimensionless parameter k F |a nn | ≫ 1 for densities ρ > 10 −4 ρ N .
Here, k F = (3π 2 ρ) 1/3 is the Fermi momentum and ρ N ≃ 0.16 fm −3 is the saturation density of nuclear matter. The effective range, on the other hand, is r nn ≃ 2.8 fm. So if the density is very small, ρ < 0.1ρ N , then k F |r nn | is a small parameter and neutron matter is close to the limit in which k F |a nn | → ∞ and k F |r nn | → 0. This is known as the unitary limit, where the vacuum scattering amplitude in the s-wave channel has a zeroenergy resonance, and the cross-section saturates the unitarity bound. In this limit there is no expansion parameter and the calculation of the equation of state and of transport properties is a difficult non-perturbative problem. It is now possible to create systems of fermions in the unitary limit in the laboratory by trapping fermionic atoms and tuning the scattering length using a Feshbach resonance [2, 3, 4, 5, 6] . This technique will provide experimental measurements of universal parameters, but it is clearly desirable to also develop a computational approach. There are several computational studies of neutron matter at zero temperature using potential models and Green's function Monte Carlo [7, 8, 9, 10] .
Recently, there have also been simulations on the lattice using effective field theory [11, 12, 13, 14, 15] . The main advantage of the effective field theory/lattice approach for the dilute neutron matter problem is that it is not restricted to zero temperature.
We have described our method and some initial results in [13] . This is the first in a sequence of two papers in which we perform a careful study of the parameter dependence and scaling behavior of the results. We are particularly interested in verifying that the lattice results satisfy the scaling relations that are expected to hold in the unitary limit.
The main focus of this first paper is to understand the equation of state at low density and high temperature and compare the results to the virial expansion. We find that if the scattering length is large lattice discretization errors can be as large as 100% or more. At fixed lattice spacing when the temperature decreases we find that the error first increases before eventually decreasing. In order to counter this effect, we propose that the interaction coefficient be tuned to give the correct second order virial coefficient, b 2 (T ), at the chosen simulation temperature. We describe in detail how this is done. In the sequel to this paper we apply this technique to simulations of cold dilute neutron matter in the unitary limit and study the scaling behavior of the results.
II. LATTICE ACTION
We consider the theory defined by the partition function
where the lattice action is given by
Here, n labels the sites of a 3 + 1 dimensional lattice,l s (s = 1, 2, 3) is a spatial unit vector, and i labels the two spin components of the neutron, ↑ and ↓. The spatial lattice spacing is a and α t = a t /a is the ratio of the temporal to the spatial lattice spacing. The spatial volume of the lattice is L 3 and the temporal length is β = 1/T . Dimensional quantities like the chemical potential µ and the nucleon mass m N are given in units of the lattice spacing a. We have also defined h = α t /(2m N ). The Grassmann fields are denoted by c i ( n) and s( n) is a Hubbard-Stratonovich field.
The interaction coefficient C must be determined for given lattice spacings a and a t . In [13] this was done by adjusting C to reproduce the correct neutron scattering length at zero temperature. This requires summing the two-particle scattering diagrams shown in Fig. 1 .
The pole in the scattering amplitude is then compared with Lüscher's formula for energy levels in a finite periodic box [16, 17] ,
where c 1 = −2.837297, c 2 = 6.375183.
III. RESULTS FOR LARGE SCATTERING LENGTHS
We present lattice simulation results for the energy per particle as a function of density for several different scattering lengths. We are interested in cold dilute neutron matter where all length scales are much larger than the lattice spacing. We use a spatial lattice spacing of a = (50 MeV) −1 and temporal lattice spacing of a t = (24 MeV) −1 . We will consider scattering lengths |a scatt | > 4.675 fm. The spatial lattice spacing was chosen so that it is smaller than the smallest scattering length. The temporal lattice spacing was chosen sufficiently small so that the results are very close to the a t → 0 limit. We have computed the energy per neutron for five different scattering lengths. The corresponding operator coefficients are shown in Table 1 . which is needed to compute derivatives with respect to β.
We use the hybrid Monte Carlo algorithm [18] to generate Hubbard-Stratonovich field configurations as described in [13] . We use diagonal preconditioning before each conjugate gradient solve. If K is the single-spin neutron matrix for a given Hubbard-Stratonovich field configuration, then we must solve the linear equation
Rather than solving this directly, we make use of the diagonal matrix
and solve instead
Fluctuations associated with the Hubbard-Stratonovich field occur on the diagonal of K, and therefore the matrix
We further improve the performance by adding a small positive constant ǫ to produce the modified equation
We tune ǫ so that the equilibration time for the hybrid Monte Carlo algorithm is minimized while keeping the induced systematic error smaller than the stochastic error. In practice we take ǫ to be 10 −4 or smaller.
Roughly 10 4 HMC trajectories were run, split across 4 processors running completely independent trajectories. Averages and errors were computed by comparing the results of each processor. The finite volume error was tested by going to larger volumes. The final lattice sizes were chosen so that the finite volume error was less than one percent. For the data at T = 4 MeV we used a lattice of size 4 3 × 6. For T = 3 MeV we used 5 3 × 8, and for T = 2 MeV we used 5 3 × 12.
As an example of the finite volume dependence, we show in Table 2 the density and energy per particle from simulations with lattice volumes 4
at a scatt = −18.70 fm, T = 4 MeV, and µ = 0. For comparison we also show the volume dependence of the bubble chain calculations described in [13] and Sect. V. These results suggest that the finite volume effects are smaller than the statistical errors.
If we take the volume dependence from the bubble chain calculations as a guide, then the finite volume errors are well below one percent. In each of the plots we have taken a range of densities from zero to a quarter-filled lattice. With a spatial lattice spacing of (50 MeV) −1 , the quarter-filled lattice corresponds with a density of 0.0081 fm −3 . Beyond this one might find significant lattice artifacts. We observe that the energy per particle depends quite strongly on the scattering length, both at large and at small density. While the dependence of E/A on the scattering length for a degenerate Fermi gas is a complicated, non-perturbative problem it is possible to compare our results to theoretical predictions in the opposite limit of low density and high temperature. 
IV. VIRIAL EXPANSION
The virial expansion arranges multi-particle interactions as a power series in fugacity,
For example the logarithm of the partition function per unit volume can be written as
The second order virial coefficient b 2 (T ) is determined entirely by two-particle interactions, while the third virial coefficient depends on three-body interactions, and so on. We can use the virial expansion to compute thermodynamic observables in the high-temperature/lowdensity limit. The virial expansion is reliable if the thermal wavelength
is smaller than the interparticle spacing, λ T < ρ −1/3 . The neutron density can be computed in terms of the derivative of ln Z G with respect to the chemical potential,
To second order in the virial expansion we find
As a result of discretization error we find on the lattice a more general power series in fugacity,
While b 1 (T ) is no longer guaranteed to equal 1, we should find that b 1 (T ) → 1 in the continuum limit. We will use (12) as the definition for the virial coefficients on the lattice.
In the unitary limit, where the effective range is zero and scattering length is infinite, one
We can compare this with the result for a free Fermi gas, where
For zero range but finite scattering length the second virial coefficient becomes
where erf is the error function, E B is the two-particle bound state energy for positive scattering length, and
As the effective range goes to zero we have the relation
and therefore we can write
See [20] for a calculation of b 2 (T ) with realistic interactions, taking into account effective range corrections as well as higher partial waves.
V. BUBBLE CHAIN DIAGRAMS AND THE VIRIAL EXPANSION ON THE LATTICE
The second virial coefficient is determined by two body interactions. This means that we do not have to rely on simulations in order to determine b 2 (T ) on the lattice, but we can 
where
We use this to compute the full neutron propagator
The average number of neutrons is then
For the logarithm of the grand canonical partition function, ln Z G , the lowest non-trivial order in ρλ T is given by the bubble chain diagrams shown in Fig. 6 . These give a contribution
We can now compare these results to the results from simulations and to the virial expansion in the continuum. In Fig. 7 we plot the density versus fugacity at T = 4 MeV for scattering lengths a scatt = ±18.7 fm. We show data for a free Fermi gas on the lattice, bubble chain calculations, and full simulation results. We also plot first and second order In Fig. 8 we plot the density versus fugacity at T = 3 MeV and virial curves with b 1 (T ) = 1.28. In Fig. 9 we plot the density versus fugacity at T = 2 MeV and virial curves 
VI. LATTICE VIRIAL COEFFICIENTS
We use the bubble chain expansion to compute b 2 (T ) on the lattice for the various coupling strengths and temperatures mentioned above. The specific procedure we use is as follows.
We first compute the free Fermi gas density on the lattice and use the relation
to determine b 1 (T ). This can be measured at any small fugacity, and we choose z = e −5 ≈ 0.0067 or µ = −5k B T . In Table 2 we show results for b 1 (T ) for a range of temperatures.
We have taken the lattice volume to be large enough so that the finite volume error is 0.1% or less, and the values for L are shown in Table 2 . As the temperature decreases we see that b 1 (T ) → 1. This is expected since at fixed lattice spacing the system moves closer to the continuum limit as we decrease the temperature.
With the same chemical potential and lattice volumes, we compute the density in the bubble chain approximation and determine b 2 (T ) using the relation
The results for b 2 (T ) for the various coupling strengths are shown in Table 3 . For each pair
shown the lattice result is on the left and the continuum result is on the right. We see that the lattice virial coefficients are larger than the continuum values. Also as we decrease the temperature at fixed scattering length, the deviation in b 2 (T ) first increases before eventually decreasing.
VII. DISCUSSION
In Fig. 10 we plot b 2 (T ) versus inverse scattering length for a range of temperatures. The smooth curves are the continuum results given in (18) , and the points with interpolating guide lines are the lattice results from Table 3 . For the continuum curves we see that the value of b 2 at infinite scattering length remains fixed at 3 · 2 Physically the large error in the second virial coefficient is directly related to singularities in the sum over particle-particle bubble diagrams due to either true bound states for positive scattering length or zero-energy resonances in the unitary limit. Although the singularities are completely integrable at nonzero temperature, on the lattice the momentum integrals are finite sums which can be very sensitive to small perturbations. The obvious way to address this problem, aside from working at a much smaller lattice spacing, is to use an improved lattice action, one that includes more than simple nearest-neighbor hopping terms for the kinetic energy as well as higher order corrections to the interaction. We are currently investigating improved actions, but this is not an easy task and not all improved operators maintain the positivity of the euclidean action.
We propose that even with an unimproved action one can improve the scaling behavior of the data by tuning the coefficient C to give the correct physical value of the second virial 
